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THE LAMINAR BOUNDARY LAYER UNDER THE COAXIAL FLOW PAST
A CYLINDER AND ON A CONTINUOUS CYLINDER
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Analytical solutions of the boundary layer on a continuous cylinder and in the flow past a cylinder
for small values of the parameter X = vx/UR® are used to determine the error of the friction
coefficient calculated by the approximate Karman-Pohlhausen method. In case of the flow past
a cylinder the earlier published results were confirmed and given precision; for the continuous
cylinder it was found that the error of the approximate solution increases with X from 8% for
X- -0 to 87% for X == 0-2. According to Cebeci’s calculations it is apparent that the error
does not decrease even for larger X (X = 250) but remains between 8 and 9%

The paper deals with the solution of the laminar boundary layer on a continuous
cylinder. An example of such a cylinder may be for instance a fibre of constant radius
moving at a steady speed between the feeder and the winding reel.

The problem of the boundary layer on a continuous moving flat surface and cy-
linder has been solved first by Sakiadis'-?. The solution on the cylinder was obtained
by the approximate Karman-Pohlhausen method! and analytically for the continu-
ous flat surface?. Further papers concerning the continuous cylinder use either
identical methods of solution in only formal modifications® ™%, or other approximate
methods®’. For this reason this work concentrated on accurate solution of the
boundary layer equations on a continuous cylinder for small values of the curvature
parameter X (Eq. (6)). Simultaneously, the published solutions for the boundary
layer in the flow past a cylinder® " '? were verified in the same region of the parameter
X and given precision.

THEORETICAL

Differential equations for the laminar boundary layer in the flow past a cylinder
and that on a continuous cylinder differ only in the boundary conditions. Their
solutions, accordingly, will be obtained simultaneously.

Designating the coordinate in the direction of the axis of the cylinder by x and that
perpendicular to the axis by r (its origin at the axis), the respective velocities in the
direction of and perpendicular to the axis by u and v, the radius of the cylinder
by R and the constant velocity of the bulk flow (ﬂow past a cylinder) or the speed
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724 Pechod, Karnis ¢

of the cylinder (continuous cylinder) by U, the laminar boundary layer may be

described with commonly accepted simplifying assumptions by
r(@ujox) + d(rv)jor = 0,
u(0ufox) + v(oulor) = v[(0*ufor* + r~ ' dufor)],
with the boundary conditions

flow past a cylinder continuous cylinder
r=R: u=v=10 u=U; v=20

F— o, OfF u=U; v=0; u=0v=0; dufor=0.

x=0, r>R: dulor =0
The familiar transformation, i.e. introducing the stream function as
Mlox = —rv; OYlor = ru,

the dimensionless coordinates £ and #, to replace x and r as
& = 4(vwx/R?U)*° = 4Xx°3,
n = (U[wx)" [(r* - R*)[4R]

and the dimensionless function f(&, ) instead of the stream function ¥ as

£ (&) = wf(xR2U)

yields the following partial differential equation

d o o2 af 3*f  ¢ef &
1 7 1L 2L 2 =0
o [( ~1~ff7)anzjl+f&72 +$[5§5r}2 p” (756?”]

)
(2)

(3)
()

(%)

(©)
()

(8)

©)

(A simplified notation f is used for the function f(&, 5) in the last equation for the sake

of brevity).
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The boundary conditions in the new coordinates are

flow past a cylinder continuous cylinder

f(£0)=0, f(&,0)=0,
@ffonyo = 0. (ffom)yoq = 2.
(6f/57]),,_,00 =2, (@f/@n),,_m =0.

(10)

(11)

For solving Eq. (9) in region of small values of ¢ one can use the power expansion

of the function f(&, n) as

ﬂ&®=2fﬁ@~

(12)

Taking only four terms of the last series which converges rapidly for small ¢ four

ordinary differential equations for the functions f, through f3 result:
T+ Sofi = fof i + 2foft + 1fo + fo =0,

I3 fofs = 2fofs + 3ofs + nfy + Sl + 2£) = (F) =0,

I3+ fofs = 3fofs + 4fofs + nfs + L1 + 2f1) = 3/1fs + 3f1f, = 0,

with the boundary conditions

flow past a cylinder continuous cylinder
=20: fi=0 fi=0
fi=0 fo=2; fi=fr=f:=0

noow:  fo=2; fi=f=f;=0 fi=0.

(13)
(14)
(13)
(16)

(17)

(18)

Eqs (13) through (16) have been solved by the Taylor expansion and the Runge-Kutta
method taking by trial and error the value of f;(0) so as to satisfy to a maximum
accuracy possible with the used calculator HP 9100 A the boundary condition (18).
The accuracy of the solution was tested by repeated calculation with the integration

step halved.
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The maximum error, 4, of the calculated values f;(0) shown in Table I together
with the so far published data, is 5. 10" 71%.#

The obtained solution enables calculation of the local and the mean friction coef-
ficient ¢; and 7; to be made. The local friction coefficient

¢ = 2t,/oU? = +£0-5Re; **[3%f (&, n)fon*], =0 (19)
expressed in terms of the functions f; is

3
¢; = £ Re ®% Y 227 1x 05 f0) (20)
L 20

Y .

Similarly for the mean friction coefficient we have

o] i

X 3
er= (I/X)fq dX = £Re;®> Y 2%(i + 1)7' X°%f(0). (21)
=0

The positive sign in Eqs (19) through (21) refers to the flow past a cylinder; the nega-
tive sign to the continuous cylinder.

Substituting the obtained values of f;(0) in Egs (20) and (21) the expressions
for the friction coefficients take the form:

for the flow past a cylinder
¢ Re0® = 0:66411 + 1:38864X°° — 1-31316X + 3-25069X ', (22)

7 Re%S = 1-32823 + 1-38864X%° — .0-87544X + 1-62534X "7 ; (23)

for the continuous cylinder

c;Re%% = 0-88750 + 0-76040X°°5 — 0-14830X + 0-07437X'"5 (24)

¢ Re®® = 1:77499 + 0-76040X°-* — 0-09887X + 0-03718X '3 . (25)

In view of the used expansion the applicability of these equations is restricted
to X = 0-015 for the flow past a cylinder where the fourth term of the series for the
local coefficient amounts to 0-7% of the sum of the preceding terms and 309, of the
third term. The applicability in case of the continuous cylinder, judging again from
the magnitude of the fourth term (22% of the third term and 0-6% of the sum of the
preceding terms) is restricted to X < 0-2.

*‘ Detailed tables of f™(y) for 0 < 7 = 3, the order of derivative 0 == m = 2 and for
y < 5-6 for the flow past a cylinder, or » =< 184 for the continuous cylinder, will be made
available upon request by the authors. )
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728 Pechoé, Karni$ :

A COMPARISON OF THE ACCURATE AND APPROXIMATE SOLUTIONS

An approximate solution of the poundary layer equations by the Karman-Pohl-
hausen method has.-been performed for the flow past a cylinder by Glauert and Light-
hill*#; for the continuous cylinder, as has been mentioned, by Sakiadis®. The friction
coefficient was expressed from these solutions as

c;Red? = 2X%%/4, (26)

where A is the inverse value of the dimensionsless velocity gradient at the surface
of the cylinder depending only on the parameter X

A = £(U[R) (orfou), (27)

with the positive (negative) sign for the flow past a cylinder (continuous cylinder).

A as a function of X may be computed from equations obtained by modification
of those presented in the original papers:
Flow past a cylinder:

o0

=Y 214 2 (n + 1) (n + 2)! (28)

Continuous cylinder:

X = S 24 nn + 1) (n +2) (29)

A comparison of the presented accurate solution of Eq. (9) for small X with the
approximate solution for the flow past a cylinder and a continuous cylinder is given
in Tables 1T and III.

Solution of the boundary layer on the continuous cylinder for large X has not been
published to date. The values tabulated in Table IV were computed by the method
" due to Cebeci'® worked out for the flow past a cylinder.*

CONCLUSION

The results for the flow past a cylinder give precision to the earlier analyses; it was
found that the error of the approximate solution decreases with increasing X in the
whole range of X, (refs'*”!%) even though the absolute values of the deviations
reported by various authors are somewhat different as a consequence of the various
methods of solving Eq. (9).

* The authors wish to thank Dr T. Cebeci for furnishing the [esults of numerical solution
of Eq. (9) with the boundary conditions for the continuous cylinder13
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730 Pechoé, Karnis ;

For the continuous cylinder, however, the deviation of the approximate and the
accurate solution in region X < (-2 increases which is confirmed also by Cebeci’s
results’® for small values of X ( < 0-25). In the region 0-25 £ X < 250 the de-
viation of Cebeci’s results’® remains practically constant and its ﬂuctuatlon is prob-
ably caused by the numerical method of solution.

The approximate solution of Sakiadis underestimates the friction factor for the
continuous cylinder in region X < 250 by about 8%,. The assumption of Bourne
and Elliston®, that the error of Sakiadis” solution decreases with increasing X, thus
is not correct. Nor are correct the results of Lee and Davis’ according to which the
Sakiadis’ solution for small values of X is correct but for large X overestimates
the friction factor. Solution of Vasudevan and Middleman® exhibiting marked
deviations from Sakiadis’ results in region of small X is based on false assumptions.'?

To give precision to Cebeci’s solution in region 0:25 £ X < 250 and its extension
to X > 250 is the purpose of the next paper.

LIST OF SYMBOLS

A dimensionless inverse velocity gradient at the surface ot cylinder (Eq. (27))
ep == 27y 1u? o local friction coefficient

s mean friction coefficient

! dimensionless stream function (Eq. (8 and (/2}))

r radial coordinate originating on axis

R radius of ¢cylinder

Reg = RU[v Reynolds number based on radius
Re, =: xU/r Reynolds number based on length

u axial velocity component

U speed of cylinder, or bulk fluid velocity

v radial velocity component perpendicular to axis of cylinder
X coordinate in direction of axis of cylinder
X == Re,/Ref transformed coordinate & (Eq. (6))

5 transformed coordinate » (Eq. (7))

v kinematic viscosity

& transformed coordinate x (Eq. (6))

1% fluid density

Ty, shear stress on the surface of cylinder

W stream function
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